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$R$ .







$\bullet$ , $U_{q}(A_{1}^{(1)})$ -crystals $R$
.
$\bullet$ , 2 , $U_{q}(A_{1}^{(1)})\sim crystals$
$R$ 3 .
. 2 , $R$
. , Lie $\mathfrak{g}_{n}=A_{n}^{(1)}$ 1
$U_{q}’(A_{n}^{(1)})$-crystals $\{B_{t}\}\iota\geq 1$ , $R$ .
3 , Lie $q_{n}=A_{n}^{(1)}$ ,
,
. [HHIKTT, FOY] . 4 , $U_{q}’(D_{4}^{(3)})$-crystals
$\{B_{t}\}_{l\geq 1}$ . , $R$ ,
Lecouvey ( $G_{2}$ ) . 5 , $U_{q}(D_{4}^{(3)})\sim crystals$
$R$ . , 3
Lie $\mathfrak{g}=D_{4}^{(3)}$ ,
. 6 , .
2. $R$
2.1. Crystals. $I$ index set . $B$ ( , crystal)
, $\tilde{e}_{i},\tilde{h}$ : $BU\{O\}arrow B$ $\{0\}(i\in I)$ .
(i) $\tilde{e}_{i}0=\tilde{f_{1}}0=0$ .
(ii) $\forall_{b}\in B,$ $\forall i\in I,$ $\exists n>0$ s.t. $\tilde{e}_{i}^{n}b=\tilde{f_{i}}^{n}b=0$ .
(iii) $\forall_{b,b’}\in B,$ $\forall i\in I$, $\tilde{f}_{i}b=b’\Leftrightarrow b=\tilde{e}_{i}b’$ .
$B$ $b$ $wt(b)$ , .
(2.1) $wt(b)=\sum_{i\in I}\varphi_{i}(b)\Lambda_{i}-\sum_{i\in I}\epsilon_{i}(b)\Lambda_{i}$ ,
(2.2) $\varphi_{i}(b)=\max\{n\geq 0|\tilde{f_{i}}^{n}b\neq 0\},$ $\epsilon_{i}(b)=\max\{n\geq 0|\tilde{e}_{i}^{n}b\neq 0\}$
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$B$ $b,$ $b’$ , $\overline{f_{i}}b=b^{j}$ , $b$ $b’$ $i$
.
(23) $barrow ib’$ $\Leftrightarrow$ $\tilde{f_{i}}b=b’$
$B$ , .
$B$ . .i\in I , $B_{l}$
$j(\neq i)$-arrow (i-string) .
$\tilde{e}_{i}^{\max}barrow i$ . . . $arrow i\tilde{e}_{i}^{2}barrow i\tilde{e}_{i}barrow ibarrow i\tilde{f_{i}}barrow i\tilde{f_{i}}^{2}barrow i$ . . . $arrow i\tilde{f_{i}}^{\max}b$
2 $B$ $B’$ , $\iota$ : $Barrow B’$ . $\tilde{e},$ ,
, $B$ $B^{j}$ , $B\simeq B’$ .
$\iota$ : $Barrow B’$ . $B$ $B’$
.
2 $B,$ $B’$ , .
(2.4) $B\otimes B’=\{b\otimes b’|b\in B, b’\in B’\}$
(25) $\tilde{e}_{i}(b\otimes b’)=\{\begin{array}{ll}\tilde{e}_{1}b\otimes b’ if \varphi_{i}(b)\geq\epsilon_{i}(b’),b\otimes\tilde{e}_{i}b’ if \varphi_{i}(b)<\epsilon_{i}(b’).\end{array}$
(26) $\tilde{f_{i}}(b\otimes b’)=\{\begin{array}{ll}\tilde{f_{i}}b\otimes b’ if \varphi_{i}(b)>\epsilon_{i}(b’),b\otimes\tilde{f_{i}}b’ if \varphi_{i}(b)\leq\epsilon_{1}(b^{j}).\end{array}$
, $b\otimes O$ $O\otimes b’$ $0$ , $B\otimes B’$ .
22. R. $\mathfrak{g}$ Lie . , , $U_{q}’(g)-$
crystal , $U_{q}’(\mathfrak{g})$
.
$U_{q}’(\mathfrak{g})$-crystals $B,$ $B’$ ,
(i) $B\otimes B’$ .
(ii) $\#\{b_{\lambda}\otimes b_{\lambda’}|b_{\lambda}\in B, b_{\lambda’}\in B’, wt(b_{\lambda}\otimes b_{\lambda^{l}})=\lambda+\lambda’\}=1$.
(iii) $\#\{b_{\lambda’}\otimes b_{\lambda}|b_{\lambda’}\in B’, b_{\lambda}\in B, wt(b_{\lambda’}\otimes b_{\lambda})=\lambda’+\lambda\}=1$ .
, $l$ : $B\otimes B’arrow B’\otimes B$ .
$U_{q}’(\mathfrak{g})$-crystal $B$ , .
(2.7) $Aff(B)=\{z^{d}b|d\in \mathbb{Z}, b\in B\}$
(2.8) $\tilde{e}_{i}(z^{d}b)=z^{d+\delta_{i0}}(\tilde{e}_{i}b)$ , $\tilde{f}_{i}(z^{d}b)=z^{d-\delta_{iO}}(\overline{f}_{i}b)$ $(i\in I)$
$z$ .
$B,$ $B’$ $U_{q}’(\mathfrak{g})$-crystals . , $Aff(B)\otimes Aff(B^{J})$ $Aff(B’)\otimes Aff(B)$
, .
$R:Aff(B)\otimes Aff(B’)$ $arrow$ $Aff(B’)\otimes Aff(B)$
$z^{d}b\otimes z^{d’}b’$
$\vdasharrow$
$z^{d’+H(b\otimes b’)}\tilde{b}’\otimes z^{d-H(b\otimes b’)}\tilde{b}$
$\iota(b\otimes b’)=\tilde{b}’\otimes\tilde{b}$ (crystal isomorphism)
$H(b\otimes b’)=H(\tilde{e}_{i}(b\otimes b’))+\{\begin{array}{ll}-1 if \varphi_{0}(b)\geq\epsilon_{0}(b’), \varphi_{0}(\tilde{b}’)\geq\epsilon_{0}(\tilde{b}),1 if \varphi_{0}(b)<\epsilon_{0}(b^{j}), \varphi_{0}(\tilde{b}’)<\epsilon_{0}(\tilde{b}),0 otherwise\end{array}$
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$R$ , $R$ ( , $R$) . , $B\otimes B’$ $\mathbb{Z}$-
$H(b\otimes b’)$ , , .
, $R$ $Aff(B)\otimes Aff(B’)\otimes Aff(B’’)$ Yang-Baxter .
(29) $(R\otimes 1)(1\otimes R)(R\otimes 1)=(1\otimes R)(R\otimes 1)(1\otimes R)$
23. $A$ . $U_{q}’(A_{n}^{(1)})$
, $B_{l}$ $I=\{0,1,2, \ldots , n\}$ , $U_{q}’(A_{n}^{(1)})$-crystal $B_{l}$ .
.
(2.10) $B_{l}=\{b=(x_{1}, x_{2}, \ldots, x_{n+1})|x_{i}\in \mathbb{Z}\geq 0,$ $\sum_{i=1}^{n}x_{i}=l\}$
$\tilde{e}_{i}b=(x_{1}-1, \ldots,x_{n+1}+1)$ if $\dot{j}=0$ ,
$\tilde{e}_{i}b=(x_{1}, \ldots, x_{i}+1,x_{i+1}-1, \ldots,x_{n+1})$ if $i\neq 0$ ,
$\tilde{f}_{0}b=(x_{1}+1, \ldots,x_{n+1}-1)$ if $i=0$ ,
$\tilde{f_{i}}b=(x_{1}, \ldots,x_{i}-1,x_{i+1}+1, \ldots, x_{n+1})$ if $i\neq 0$
, $\tilde{e}_{t}b(resp.\tilde{f_{i}}b)$ , $B\iota$ ,
$0$ . ,
$\varphi_{i}(b)=(1-\delta_{i0})x_{i}+\delta_{i0}x_{n+1}$ , $\epsilon_{i}(b)=x_{i+1}$ $(i\in I)$
$B_{l}$ , letter 1, 2, $\ldots,$ $n+1$ entry $(l)$
.
(2.11)
$(x_{1}, x_{2}, \ldots,x_{n+1})\in B_{l}\Leftrightarrow(11\ldots 1122\ldots 22\vee\vee x_{1}x_{2} \vee n+1\ldots n+1)x_{\mathfrak{n}+1}$
$($ . . . $)$ .
$U_{q}’(A_{n}^{(1)})$-crystal $B\iota(l\in \mathbb{Z}\geq.1)$ , .
$Aff(B_{l})=\{z^{d}b|d\in \mathbb{Z}, b\in B_{\iota}\}$
$\tilde{e}_{i}(z^{d}b)=z^{d+\delta}:0(\tilde{e}_{i}b)$ , $\tilde{f_{i}}((z^{d}b)=z^{d-\delta_{i0}}(\tilde{f_{i}}b)$ $(i\in I)$
, $Aff(B_{l})\otimes Aff(B_{l’})$ $R$ .
$R:Aff(B_{l})\otimes AR(B_{l’})$ $arrow$ $Aff(B_{l’})\otimes Aff(B_{l})$
$z^{d}b\otimes z^{d’}b’$
$rightarrow$
$z^{d’+H(b\otimes b’)}\tilde{b}’\otimes z^{d-H(b\otimes b’)}\tilde{b}$
, #. $R$ Yang-Baxter .
2.1. $Aff(B_{t})\otimes AfflB_{l’})\otimes AfflB_{t’’})$ , .








$b_{1}\otimes b_{2}=(x_{1}, x_{2}, \ldots, x_{n+1})\otimes(y_{1}, y_{2}, \ldots,y_{n+1})\in B_{l}\otimes B_{l’}$
, $B_{l}\otimes B_{l’}$ $R$
RR : $z^{d_{1}}b_{1}\otimes z^{d_{2}}b_{2}rightarrow z^{d_{2}+H(b_{1}\otimes b_{2})}b_{2}’\otimes z^{d-H(b_{1}\otimes b_{2})}b_{1}’$
.
$b_{2}’\otimes b_{1}’=(y_{1}’,y_{2}’, \ldots,y_{n+1}’)\otimes(x_{1}’,x_{2}’, \ldots,x_{n+1}’),$ $\in B_{l’}\otimes B_{l}$
$x_{i}’-x_{i}=y_{i}-y_{i}’=Q_{i}-Q_{i-1}$ , $H(b_{1}\otimes b_{2})=-Qo$ ,
$Q_{i}= \min_{1\leq k\leq n+1}\{\sum_{j=1}^{k-1}x_{i+j}+\sum_{j=k+1}^{n+1}y_{i+j}\}$ .
, $Q_{0}=Q_{n+1}$ . , $x$ $y$ mod $n+1$ .
2.3. $n=3,$ $l=4,$ $l’=2$ .
$\bullet$ .
$z^{d}(2,1,1,0)\otimes z^{d’}(0,1,1,0)rightarrow z^{\gamma’+0}(1,1,0,0)\otimes z^{d’-0}(1,1,2,0)$,
$z^{d}(2,1,1,0)\otimes z^{d’}(1,1,0,0)rightarrow z^{d’+1}(1,0,1,0)\otimes z^{d-1}(2,2,0,0)\cdot$,
$z^{d}(0,1,1,2)\otimes z^{d’}(1,1,0,0)rightarrow z^{d’+2}(0,0,0,2)\otimes z^{d-2}(1,2,1,0)$ .
$\bullet$ .
$z^{d}(1123)\otimes z^{d’}(23)arrow+z^{d’+1}(12)\otimes z^{d-1}$ (1233),
$z^{d}(1123)\otimes z^{d’}(12)\vdasharrow z^{d’+1}(13)\otimes z^{d-1}$ (1122),
$z^{d}(2344)\otimes z^{d’}(12)\vdasharrow z^{d’+2}(44)\otimes z^{d-2}(1223)$ .
3.
3.1. \Re . $B_{t}(l\in \mathbb{Z}\geq 1)$ $U_{q}’(A_{n}^{(1)})$-crystal . $u_{l}=(l, 0, \ldots , 0)\in B_{t}$ .
$L$ , .
(3.1) $\varphi_{\iota=}$ { $p=b_{1}\otimes b_{2}\otimes\cdots\otimes b_{L}\in B_{1}^{\otimes L}|b_{j}=u_{1}$ if $j\gg 1$ }.
.
$b^{(0)}\otimes b_{1}\otimes b_{2}\otimes\cdots\otimes b_{L}\in B\iota\otimes B_{1}^{\emptyset L}$ ,
$R$ $l’=1$ , .
$z^{0(0)}b\otimes z^{0}b_{1}\otimes z^{0}b_{2}\otimes\cdots\otimes z^{0}b_{L}$
$-\rangle z^{H_{1}}\tilde{b}_{1}\otimes zb\otimes z^{0}b_{2}\otimes\cdots\otimes z^{0}b_{L}$
$rightarrow z^{H_{1}H_{2}-H_{1}-H_{2}(2)}\tilde{b}_{1}\otimes z\overline{b}_{2}\otimes zb\otimes z^{0}b_{3}\otimes\cdots\otimes z^{0}b_{L}$
$-\rangle\cdots$
$rightarrow z^{H_{1}}\tilde{b}_{1}\otimes z^{H_{2}}\tilde{b}_{2}\otimes\cdots\otimes z^{H_{L}}\overline{b}_{L}\otimes z^{E_{l}(p)}b^{(L)}$ ,
$E_{l}(p)=- \sum_{j=1}^{L}H_{j}$ , $H_{j}=H(b^{(j-1)}\otimes b_{j})$ .
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3.1. , $b^{(0)}=u_{l}$ , $b_{1}\otimes b_{2}\otimes\cdots\otimes b_{L}$
. , .
$b^{(L)}=u_{l}$ , $\tilde{b}_{1}\otimes\tilde{b}_{2}\cdots\otimes\overline{b}_{L}\in\prime y_{L}$
, $T_{l}$. : $\varphi_{L}arrow\varphi_{L}$ .
(32) $T_{l}(b_{1}\otimes b_{2}\otimes\cdots\otimes b_{L})=\overline{b}_{1}\otimes\tilde{b}_{2}\otimes\cdots\otimes\tilde{b}_{L}$ .
.
32. $P\in\varphi_{L}$ $N>0$ ,
$T_{r}(p)= \lim_{larrow\infty}T_{l}(p)$ for all $r>N$ .
$\mathfrak{g}=D_{4}^{(3)}$ ,
(3.3). $\{\lim_{\iotaarrow\infty}T_{l}^{t}(p)\in\varphi_{L}|t\geq 0\}$
, $A_{n}^{(1)}$ -automaton .
, $R$ Yang-Baxter
. , .
3.3. ([FOY]). $P\in\varphi_{L}$ $l,$ $l^{j}$ ,
(3.4) $T_{t}T_{l’}(p)=T_{l’}T_{t}(p)$ :
(3.5) $E_{l}(T_{l’}(p))=E_{l}(p)$ :
3.2. . $\tilde{B}_{t}(l\in \mathbb{Z}_{\geq 1})$ $U_{q}^{j}(A_{n-1}^{(1)})$-crystal .
$\overline{B}_{l}=\{b=(x_{1)}x_{2}, \ldots,x_{n})|\sum_{i=1}^{l}x_{i}=l,$ $x_{i}\in \mathbb{Z}\geq 0\}$
$n$ : $\tilde{B}_{l}u\{0\}arrow B_{1}^{\otimes l}$ $\{0\}$ .
(3.6) $\iota_{l}(b)=\{\begin{array}{ll}(n+1)^{\otimes x_{n}}\otimes\cdots\otimes(3)^{\copyright x_{2}}\otimes(2)^{\otimes x_{1}} if b\neq 0,0 ifb=0.\end{array}$
, .
3.4. $i\in\{1,2, \ldots,n-1\}$ $b\in\overline{B}_{l}u\{0\}$ ,
$\iota_{l}(\tilde{e}_{i}(b))=\tilde{e}_{i+!}(\iota_{l}(b))$ , $\iota_{l}(\tilde{f_{i}}(b))=\tilde{f}_{i+1}(\iota_{l}(b))$ .
$(l_{1}, l_{2}, \ldots, l_{m})$ $m\sim$ .
(3.7) $[l_{1}]\ldots\ldots[l_{2}]\ldots.$ . $\cdot$ . . $[l_{m}]\ldots\ldots\ldots\ldots.$ .
. . . $[l]\ldots$ 1 .
(38) $...\otimes(1)\otimes(1)\otimes\iota_{l}(b)\otimes(1)\otimes(1)\otimes\cdots$
35. $l$ 1- $p_{1e}$ , $E_{1}(p_{1s})=1$
.
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$l$ 1- , $\min(r, l)$
. , $t$ } “. . . $[l]\ldots$ .
(3.9) $\gamma=\min(r, l)t+$ ( $\ldots[l]\ldots$ )
34 , $l$ . . . $[l]\ldots$ , $U_{q}’(A_{n-1}^{(1)} )$-crystal
$\tilde{B}_{t}$ , $Aff(\tilde{B}_{l})$ .
$...\otimes(1)\otimes(1)\otimes\iota_{l}(b)\otimes(1)\otimes(1)\otimes\cdots\in\varphi_{L}$ $\Leftrightarrow$ $z^{\gamma}b\in Aff(\tilde{B}_{l})$
, $(l_{1}, l_{2}, \ldots, l_{m})$ m- ,
(3.10) $z^{\gamma\iota}b_{1}\otimes z^{\gamma_{2}}b_{2}\otimes\cdots\otimes z^{\gamma_{m}}b_{m}\in Aff(\tilde{B}_{l_{1}})\otimes Aff(\overline{B}_{l_{2}})\otimes\cdots\otimes Aff(\tilde{B}_{l_{m}})$ .
.
33. . $(l_{1}, l_{2}, \ldots, l_{m})$ m-
(3.11) $[l_{1}]\ldots\ldots[l_{2}]\ldots..\cdot$ . . $[l_{m}]\ldots\ldots\ldots\ldots.$ .




$S_{m}$ : $Aff(\tilde{B}_{l_{1}})\otimes Aff(\tilde{B}_{l_{2}})\otimes\cdots\otimes Aff(\overline{B}_{l_{m}})$ $arrow$ $Aff(\tilde{B}_{l_{m}})\otimes\cdots\otimes Aff(\tilde{B}_{l_{2}})\otimes Aff(\tilde{B}_{1_{1}})$
$z^{\gamma_{1}}b_{1}\otimes z^{\gamma_{2}}b_{2}\otimes\cdots\otimes z^{\gamma_{m}}b_{m}$ $rightarrow$ $z^{\gamma_{m}’}b_{m}’\otimes\cdots\otimes z^{\gamma_{2}’}b_{2}’\otimes z^{\gamma_{1}’}b_{1}’$ .
$S_{m}$ , .
3.6. ([HHIKTT, FOY]).
$S_{2}$ , $U_{q}(A_{n-1}^{(1)})$ -crystals $R$ . ,
$\gamma_{1}-\gamma_{1}^{j}=\gamma_{2}’-\gamma_{2}=2l_{2}+H(b_{1}\otimes b_{2})$
$m>2$ , $S_{m}$ $S_{2}$ .
3.7. $R$ $2l_{2}$ ,
, Yang-Baxter .
3 ,
$S_{3}=(S_{2}\otimes 1)(1\otimes S_{2})(S_{2}\otimes 1)$ or $(1\otimes S_{2})(S_{2}\otimes 1)(1\otimes S_{2})$
. $R$ Yang-Baxter ,
.
4.
4.1. $U_{q}’(D_{4}^{(3)})$-crystals. Lie $\mathfrak{g}=D_{4}^{(3)}$ 1 $U_{q}’(D_{4}^{(3)})$-
crystal $B_{l}(l\in \mathbb{Z}\geq 1)$ , .
(4.1) $B_{l}= \bigoplus_{j=0}^{l}B^{G_{2}}(j\Lambda_{1})$
$B^{G_{2}}(j\Lambda_{1})$ , Kang-Misra $U_{q}(G_{2})$- $V^{G_{2}}(j\Lambda_{1})$
[KM] . , letter






(4.5) $(x_{1}, x_{2}, x_{3},\overline{x}_{3},\overline{x}_{2},\overline{x}_{1})=(w_{1}, w_{2},2w_{3}+w_{0},2\overline{w}_{3}+w0,\overline{w}_{2},\overline{w}_{1})$
, $B^{G_{2}}(j\Lambda_{1})$ .
(4.6) $B^{G_{2}}(j\Lambda_{1})=\{b=(x_{1}, x_{2}, x_{3},\overline{x}_{3},\overline{x}_{2},\overline{x}_{1})|$ $x_{i},\overline{x}_{i}\in \mathbb{Z}\geq 0(i=1,2, 3)x_{3}\equiv\overline{x}_{3}(mod 2)s(b)=j$ $\}$
,
(4.7) $s(b)=x_{1}+x_{2}+ \frac{x_{3}.+,\overline{x}_{3}}{2}+\overline{x}_{2}+\overline{x}_{1}$ .
41. $l=1$ .
$=(1,.0,0,0,0,0)$ , $=(0,1,0,0,0,0)$ , $=(0,0,2,0,0,0)$ ,
$=(0,0,1,1,0,0)$ , $=(0,0,0,2,0,0)$ , $=(0,0,0,0,1,0)$ ,
$=(0,0,0,0,0,1)$ , $\phi=(0,0,0,0,0,0)$ .
4.2. $B^{G_{2}}(7\Lambda_{1})$ ,
$\Leftrightarrow$ $(1,.2, 3, 1, 0,2)$ .
, .
(4.8) $(z_{1}, z_{2}, z_{3},2z_{4})=(\overline{x}_{1}-x_{1},\overline{x}_{2}-\overline{x}_{3}, x_{3}-x_{2},\overline{x}_{3}-x_{3})$
(4.9) $(x)_{+}= \max(x, 0)$ , $(x)_{-}= \min(x, 0)$
, $B_{t}$ .
(4.10) $\tilde{f}_{0}b=\{\begin{array}{ll}(x_{1}+1, x_{2},x_{3},\overline{x}_{3},\overline{x}_{2},\overline{x}_{1}) if (F_{1}),(x_{1}, x_{2},x_{3}+1,\overline{x}_{3}+1,\overline{x}_{2},\overline{x}_{1}-1) if (F_{2}),(..., x_{3}+2, \ldots,\overline{x}_{2}-1, \ldots) if (F_{3}),(x_{1}, x_{2}+1,x_{3},\overline{x}_{3}-2,\overline{x}_{2},\overline{x}_{1}) if(F_{4}),(x_{1}+1, x_{2}, x_{3}-1,\overline{x}_{3}-1, x_{2}^{-},\overline{x}_{1}) if (F_{5}),(x_{1}, x_{2}, x_{3},\overline{x}_{3},\overline{x}_{2},\overline{x}_{1}-1) if (F_{6})\end{array}$
(4.11) $\tilde{f}_{1}b=\{\begin{array}{ll}(x_{1}-1, x_{2}+1, x_{3},\overline{x}_{3},\overline{x}_{2},\overline{x}_{1}) if (z_{2})_{+}\leq-Z_{3},(x_{1}, x_{2}, x_{3}-1,\overline{x}_{3}+1,\overline{x}_{2},\overline{x}_{1}) if z_{2}\leq 0<z_{3},(x_{1},x_{2}, x_{3},\overline{x}_{3},\overline{x}_{2}-1,\overline{x}_{1}+1) ifz_{2}>(-z_{3})_{+}.\end{array}$








, $\tilde{f_{i}}b\not\in B^{G_{2}}(j\Lambda_{1})$ $\tilde{f_{i}}b=0$ .
, $e_{i}b\#h\overline{f_{i}}b$ .
$x_{i}+aarrow x_{i}-a$ (resp. $\overline{x}_{i}$ ), $(<, >, \leq, \geq)arrow(\leq, \geq, <, >)$
, $\epsilon_{i}(b)$ $\varphi_{i}(b)$ .
(4.13) $\epsilon_{0}(b)=l-s(b)+\max A-(2z_{1}+z_{2}+z_{3}+3z_{4})$ ,
(4.14) $\epsilon_{1}(b)=\overline{x}_{1}+(\overline{x}_{3}-\overline{x}_{2}+(x_{2}-x_{3})_{+})_{+}$ ,
(4.15) $\epsilon_{2}(b)=\overline{x}_{2}+(x_{3}-\overline{x}_{3})_{+}/2$ ,




(419) $A=(0, z_{1}, z_{1}+z_{2}, z_{1}+z_{2}+3z_{4}, z_{1}+z_{2}+z_{3}+3z_{4},2z_{1}+z_{2}+z_{3}+3z_{4})$ .
4.2. R. $U_{q}(D_{4}^{(3)})$-crystals $Aff(B_{t})\otimes Aff(B_{t’})$ $R$
.
$R:Aff(B_{l})\otimes Aff(B_{l’})$ $arrow$ $Aff(B_{l’})\otimes Aff(B_{l})$
$z^{d}b\otimes z^{d’}b’$ $\vdash+$ $z^{d’+H(.b\otimes b’)}\tilde{b}’\otimes z^{d-H(b\otimes b’)}\overline{b}$
(4.20) $H((l, 0,0,0,0,0)\otimes(l’, 0,0,0,0,0))=0$
, $b\otimes b’\vdash+\overline{b}’\otimes\tilde{b}$ , $H(b\otimes b’)$ .
4.3. (Yang-Baxter ). $AfflB_{t}$ ) $\otimes Aff(B_{t’})\otimes Aff(B_{t’})$ , ,
.
(4.21) $(R\otimes 1)(1\otimes R)(R\otimes 1)=(1\otimes R)(R\otimes 1)(R\otimes 1)$ .
, , $B_{l}\otimes B_{1}$
$R$ . , $R$ ,
, $l$
.
$l$ :123 4 5 10 15
(4.22)
$\#(B_{t}\otimes B_{1})$ : 64 280 896 2352 5376 104104 7 192






, $R$ , Kang-Misra $G_{2}$ Lecouvey
[Lec] .
4.3. Lecouvey . , Kang-Misra $G_{2}$
Lecouvey . , letter $\{1, 2, 3, 0,\overline{3},\overline{2}, \overline{1}\}$
entry word $B(1),$ $B(10),$ $B(12),$ $B(11),$ $B(112),$ $B(121)$
.
$B(1)=\{1,2,3,0,\overline{3},\overline{2}, \overline{1}\}$ , $B(10)=\{10,1\overline{3}, 1\overline{2}, 2\overline{2}, 2\overline{1}, 3\overline{1},0\overline{1}\}$ ,




, $\xi$ : $B(10)arrow B(1),$ $\eta$ : $B(121)arrow B(112)$. $B(10),$ $B(121)$
$i$ $B(1),$ $B(112)$ $i$ .
.
e.g. $\xi(2\overline{2})=0,$ $\xi^{-1}(3)=1\overline{2};\eta(0\overline{2}1)=030,$ $\eta^{-1}(\overline{1}00)=\overline{3}\overline{2}0$ .
letter $\alpha\in\{1,2,3,0,\overline{3},\overline{2}, \overline{1}, \phi\}$ 2 $T$
$(\alphaarrow T)$ .
case $0$ $(\alphaarrow\emptyset)=\alpha$
case 1 $(\betaarrow\alpha)=\beta\alpha$ if $\alpha\beta\in B(12)$
case 2 $(\betaarrow\alpha)=(\beta \alphaarrow)$ if $\alpha\beta\in B(11)$
case 3 if $\alpha\beta\gamma\in B(121)$ ,
$(\gammaarrow\alpha\beta)=(\begin{array}{ll}\alpha’ \beta \gamma’arrow\end{array})$ ; $\gamma’\alpha’\beta’=\eta(\alpha\beta\gamma)$ .
case 4 if $\alpha\beta\in B(10),$ $(\betaarrow\alpha)=(\xi(\alpha\beta)\prec)$ .
case 5 $(\betaarrow\alpha)=\{\begin{array}{ll}\beta if \alpha=\phi,\alpha if \beta=\phi,\emptyset if (\alpha, \beta)=(\phi, \phi) or (1, \overline{1}).\end{array}$
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45. 2 , $B_{l}\otimes B_{1}\simeq$
$B_{1}\otimes B\iota$ .
4.6. $(\betaarrow T_{n});T_{n}=\alpha_{1}\alpha_{2}\ldots\alpha_{n}$ .
$\alpha_{1}\beta\in B(11)$ .
$(\betaarrow T_{n})=(\betaarrow\alpha_{1})\alpha_{2}\ldots\alpha_{n}$








$=\gamma\alpha_{2}\ldots\alpha_{n}$ if $\alpha_{2}\gamma\in B(11);=\alpha_{2}\alpha_{4}$
$\alpha_{n}$










$=p_{n}r_{n}r_{n-1}\cdots(r_{i+1}arrow r_{i})\cdots r_{1}$ for $1\leq i\leq n-1$
$q_{n}$




, $p_{i-1}q_{i-1}r_{i}’=\eta^{-1}(r_{i}q_{i}p_{i})$ for $n\geq i\geq 1$ .
5.
, $l\in \mathbb{Z}\geq 1$ , $U_{q}’(D_{4}^{(3)})$-crystal $B_{l}$ ,
$U_{q}’(A_{1}^{(1)})$-crystal $\tilde{B}\iota$ .
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5.1. $R$ . $U_{q}’(D_{4}^{(3)})$-crystal $b_{1}\otimes b_{2}\in$
$B_{l}\otimes B_{1}$ , $\iota$ : $B_{l}\otimes B_{1}arrow B_{1}\otimes B_{l}$
$H(b_{1}\otimes b_{2})$ .
5.1. $b_{1}\otimes b_{2}\in B_{l}\otimes B_{1}$ , $B_{1}\otimes B_{l}$ $b_{2}’\otimes b_{1}^{j}$ , $B_{l}\otimes B_{1}$
$\mathbb{Z}$ - $\tilde{H}(b_{1}\otimes b_{2})$ , .
Step 1. $b_{1}\otimes b_{2}\in B_{l}\otimes B_{1}$ .
Step 2. $(b_{2}arrow b_{1})$ . shape
$b_{1}*b_{2},$ $(p+q, q)$ . $B_{l}\otimes B_{1}$ $\mathbb{Z}$- $\overline{H}$ .
(5.1) $\tilde{H}(b_{1}\otimes b_{2})=\{\begin{array}{ll}-2 if \alpha_{1}\beta\in B(10), \alpha_{2}\gamma\in B(11),max -2, (b_{1}*b_{2})_{1}-l-1) otherwise.\end{array}$
, $(b_{1}*b_{2})_{1}=p+q$ .
Step 3. $b_{1}*$ leuer .
.
(5.2) $b_{1}*b_{2}=(t_{1}arrow (t_{2}arrow (...(t_{p+2q}arrow\emptyset)\ldots)));t_{0}=\emptyset$ .
Step 4. $(T_{r})=(t_{1}t_{2}$ . . . $t_{r});0\leq r\leq P+2q$ . $B_{t}\otimes B_{1}$
$b_{1}\otimes$ , $b_{2}’\otimes b_{1}’\in B_{1}\otimes B_{t}$ .
(5.3) $b_{2}’\otimes b_{1}’=\{\begin{array}{ll}(t_{p+2q})\otimes(7_{p+2q-1}) for case I,(t_{p+2q}’)\otimes(\mathcal{T}_{p+2q-1}t_{p+2q}’’) for case II,(1) \otimes(\mathcal{T}_{p+2q}\overline{1}) for case III,(\mathcal{T}_{p+2q})\otimes(\phi) for case IV,(\phi)\otimes(\mathcal{T}_{P+2q}) for case V,(\phi)\otimes(\phi) othemrise;\end{array}$
,
III. $\alpha_{1}\beta\in B(11),$ $n<l-1$ ,
V. $\alpha_{1}\beta\in B(11),$ $n=l-1$ ,
. I. $\alpha_{1}\beta\in B(11),$ $n=l$ ,
II. $\alpha_{1}\beta\in B(12),$ $n<l;t’tp+2qP+2q=\xi^{-1}(t_{P+2q})$ ,
I. $\alpha_{1}\beta\in B(12),$ $n=l$ ,
I. $\alpha_{1}\beta\in B(10)$ ,
III. $(\alpha_{1}, \beta)=(1, \overline{1}),$ $n=1$ ,
IV. $(\alpha_{1}, \beta)=(1, \overline{1}),$ $n=2$ ,
I. $(\alpha_{1}, \beta)=(1, \overline{1}),$ $n>2$ ,
IV. $b_{1}\neq(\phi),$ $b_{2}=(\phi),$ $l=1$ ,
V. $b_{1}\neq(\phi),$ $b_{2}=(\phi),$ $l\neq 1,$ $n<l$ ,
I. $b_{1}\neq(\phi),$ $b_{2}=(\phi),$ $l\neq 1,$ $n=l$ ,
V. $b_{1}=(\phi),$ $b_{2}\neq(\phi),$ $l=1$ ,
III. $b_{1}=(\phi),$ $b_{2}\neq(\phi),$ $l\neq 1$ .
5.2. $\{B_{l}\}_{t\geq 1}$ $U_{q}’(D_{4}^{(3)})\sim crystals$ . $b_{1}\otimes b\in B_{l}\otimes B_{1}$




(5.4) $\iota(b_{1}\otimes b_{2})=b_{2}’\otimes b_{1}’$ , $H(b_{1}\otimes b_{2})=\tilde{H}(b_{1}\otimes b_{2})$
53. $l=3$ .
$R:z^{\gamma_{1}}(2\overline{2}\overline{1})\otimes z^{\gamma_{2}}(\overline{2})-\succ z^{\gamma_{2}+(-2)}(i)\otimes z^{\gamma_{1}-(-2)}(0\overline{2})$.
$)$ ,
$(2\overline{2}\overline{1})\backslash *(\overline{2})=(\overline{2}arrow 2\overline{2}\overline{1})=0\overline{2}\overline{1}$ , $H((2\overline{2}\overline{1})\otimes(\overline{2}))=-2$ ,
$0\overline{2}\overline{1}=(0arrow\overline{2}\overline{1})=.(0arrow(\overline{2}arrow\overline{1}))$ .
54. $l=4$ .





, $H((30 \overline{1})\otimes(\overline{3}))=\max(-2, ((30\overline{1})*(\overline{3}))_{1}-4-1)=-2$ .
,
$\frac{3}{3}0\overline{1}=(2arrow\frac{0}{2}\overline{1}.)=(2arrow(\overline{2}arrow\overline{\frac{3}{2}}))=(2arrow(\overline{2}arrow(\overline{2}arrow(\overline{3}arrow\emptyset))))$ .









55. $R$ $+$ .
$b_{2}$
$B_{l}\otimes B_{1}$ $\simeq$ $B_{1}\otimes B_{l}$
(5.5) $b_{1}+b_{1}’$ $\Leftrightarrow$
$b_{1}\otimes b_{2}$ $rightarrow$ $b_{2}’\otimes b_{1}^{j}$
$b_{2}’$
, .
2.0 $\overline{3}$ 1 1 1 1
111 $+13+1\overline{2}+2\overline{1}+$ 121 $+$ 112 $+$ 111 $+$ 111 . . .
1 1 3 $\phi$ $\overline{1}$ 2 1
. . $T_{3}$ : $\overline{2}\otimes 0\otimes\overline{3}\otimes 1\otimes 1\otimes 1\otimes 1\otimes\cdotsarrow*1\otimes\dot{1}\cdot\otimes 3\otimes\phi\otimes\overline{1}\otimes 2\otimes 1\otimes\cdots$ .
, .
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5.3. $\ovalbox{\tt\small REJECT}$ |\downarrow . $\tilde{B}_{l}(l\in \mathbb{Z}\geq 1)$ $U_{q}’(A_{1}^{(1)})$ -crystal .
$\tilde{B}_{l}=\{b=(x_{1}, x_{2})|x_{1}+x_{2}=l, x_{i}\in \mathbb{Z}\geq 0\}$
$\iota_{l}$ : $\tilde{B}_{l}u\{0\}arrow B_{1}^{\otimes l}u\{0\}$ .
(5.6) $\iota_{l}(b)=\{\begin{array}{ll}(3)^{\otimes x_{2}} \otimes(2)^{\otimes x_{1}} if b\neq 0,0 if b=0.\end{array}$
, .
56. $b\in\overline{B}_{t}$ uu $\{0\}$ ,
$\iota_{l}(\tilde{e}_{1}(b))=.\tilde{e}_{2}(\iota_{l}(b))$ , $\iota_{l}(\tilde{f}_{1}(b))=\tilde{f}_{2}(\iota_{l}(b))$ .
$\mathfrak{g}=D_{4}^{(3)}$ , 1-
$p_{1\epsilon}\in\varphi_{L}$ $E_{1}(p_{1s})=1$ , $(x_{1}, x_{2})$
.
$...\otimes(1)\otimes(1)\otimes\iota_{l}(b)\otimes(1)\otimes(1)\otimes\cdots$
, $(l_{1}, l_{2}, \ldots, l_{m})$ m- .
$[l_{1}]\ldots\ldots[l_{2}]\ldots..\cdot$ . . $[l_{m}]\ldots\ldots\ldots\ldots.$ .
. . . $[l]\ldots$ 1’ .
$l$ 1- , $\min(- r, l)$
, $t$ “. . . $[l]\ldots$ .
$\gamma=\min(r.’ l)t+$ ( $\ldots[l]\ldots$ )
. 5.6 , $l$ 1- .. . $[l]\ldots$ , $U_{q}^{j}(A_{1}^{(1)})-$
crystal $\tilde{B}\iota$ .
$\otimes(1)\otimes(1)\otimes\iota_{l}(b)\otimes(1)\otimes(1)\otimes\cdots\in\varphi_{L}$ $\Leftrightarrow$ $z^{\gamma}b\in Aff(\overline{B}_{l})$










$S_{m}$ : $Aff(\tilde{B}_{l_{1}})\otimes Aff(\tilde{B}_{l_{2}})\otimes\cdots\otimes Aff(\tilde{B}_{l_{m}})$ $arrow$ $Aff(\tilde{B}_{l_{m}})\otimes\cdots\otimes Aff(\tilde{B}_{l_{2}})\otimes Aff(\overline{B}_{t_{i}})$
$z^{\gamma_{1}}b_{1}\otimes z^{\gamma_{2}}b_{2}\otimes\cdots\otimes z^{\gamma_{m}}b_{m}$ $rightarrow$ $z^{\gamma_{m}’}b_{m}’\otimes\cdots\otimes z^{\gamma_{2}’}b_{2}’\otimes z^{\gamma_{1}’}b_{1}’$.
$S_{m}$ .
5.7. ([Ya2]).
$S_{2}$ , $U_{q}(A_{1}^{(1)})$ -crystals $R$ . ,
(5.7) $\gamma_{1}-\gamma_{1}’=\gamma_{2}’-\gamma_{2}=2l_{2}+3\cross H(b_{1}\otimes b_{2})$ .
$m>2$ , $S_{m}$ $S_{2}$ .
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58. $R$ $2l_{2}$ ,
, Yang-Baxter .
54. . , . $u_{4}$
. $T_{4}(p)\in\varphi_{L}$ ,
. . $l$ , $l$
. ,
, $\delta$ .




$D_{4}^{(3)}$ -automaton $\bullet$ $A_{2}^{(1)}$ -automaton
$t=0$ ; 22111311111111111111111111 221113111111111111111111111
$t=1$ : $11\underline{22}11\underline{3}1111111111111111111$ 112211311111111111111111111
$t=2$ : 11112213111111111111111111 111122131111111111111111111
$t=3$ : 11111122311111111111111111 111111223111111111111111111
$t=4$ : 11111111201111111111111111 111111112321111111111111111
$t=5$ ; 11111111113111111111111111 111111111213211111111111111
$t=6$ : $1111111111\overline{1\underline{\phi}}\underline{21}111111111111$ 111111111121132111111111111
$t=7$ : 11111111111110211111111111 111111111112111321111111111
$t=8$ : 11111111111111232111111111 llllllllllJ1211113211111111
$t=9$ ; 11111111111111121321111111 111111111111121111132111111
$t=10$ : 11111111111111112113211111 111111111111112111111321111
$t=11$ : 11111111111111111211132111 111111111111111211111113211
.
$R:Aff(\tilde{B}_{2})\otimes Aff(\overline{B}_{1})$ $arrow$ $Aff(\tilde{B}_{1})\otimes Aff(\tilde{B}_{2})$
$z^{L-2}(2,0)\otimes z^{L-6}(0,1)$ $\mapsto\star$ $z^{(L-6)+\delta}(1,0)\otimes z^{(L-2)-\delta}(1,1)$ .
$\delta=2X^{Z}1+H((2,0)\otimes(0,1))\cross\{\begin{array}{ll}3=-1 if g=D_{4}^{(3)},1=1 if \mathfrak{g}=A_{2}^{(1)}.\end{array}$
5.10. (3 )
$S_{3}$ $(S_{2}\otimes 1)(1\otimes S_{2})(S_{2}\otimes 1)$ , $(S_{2}\otimes 1)(1\otimes S_{2})(S_{2}\otimes 1)$
















$S_{3}$ : $Aff(B_{3})\otimes Aff(B_{2})\otimes Aff(B_{1})|$ $arrow$ $Aff(B_{1})\otimes Aff(B_{2})\otimes Aff(B_{3})$
$z^{47}(1,2)\otimes z^{42}(1,1)\otimes z^{38}(0,1)$ $-\succ$ $z^{37}(0,1\rangle$ $\otimes z^{41}(2,0)\otimes z^{47}(0,3)$
$z^{47}(1,2)\otimes z^{42}(1,1)\otimes z^{38}(0,1)arrow z^{42+1}(1,1)\otimes z^{47-1}(1,2)\otimes z^{38}(0,1)R\otimes 1$
$arrow z^{43}(1,1)\otimes z^{38+(-1)}(1,0)\otimes z^{46-(-1)}(0,3)1\otimes R$
$-R\otimes 1z^{37+2}(0,1)\otimes z^{43-2}(2,0)\otimes z^{47}(0,3)$
$z^{47}(1,2)\otimes z^{42}(1,1)\otimes z^{38}(0,1)arrow z^{47}(1,2)1\otimes R\otimes z^{38+(-1)}(1,0)\otimes z^{42-(-1)}(0,2)$
$\frac{R\otimes 1_{1}}{r}z^{37+2}(0,1)\otimes z^{47-2}(2,1)\otimes z^{43}(0,2)$
$arrow z^{39}(0,1)\otimes z^{43+(-2)}(2,0)\otimes z^{45-(-2)}(0,3)1\Phi R$
6.
$l\in \mathbb{Z}\geq 1$ . $B\iota$ $U_{q}’(D_{4}^{(3)})$-crystal, $\tilde{B}_{l}$ $U_{q}’(A_{1}^{(1)})$-crystal .
, $U_{g}’(D_{4}^{(3)})$-crystal $b_{1}\otimes b_{2}\in B\iota\otimes B_{1}$ ,
$\iota$ : $B_{l}\otimes B_{1}arrow B_{1}\otimes B_{l}$ $H(b_{1}\otimes b_{2})$ ,
Kang-Misra $U_{q}(G_{2})$-crystals Lecouvey .
$R$ , $A$
,
. , $(l_{1}, l_{2}, \ldots , l_{m})$ m- $U_{q}(A_{1}^{(1)})$-crystals
$Aff(\tilde{B}_{l_{1}})\otimes Aff(\overline{B}_{l_{2}})\otimes\cdots\otimes Aff(\overline{B}_{l_{m}})$ .
Lie $\mathfrak{g}=D_{4}^{(3)}$
, .
$\bullet$ , $U_{q}(A_{1}^{(1)})$ -crystals $R$
.
$\bullet$ , 2 , $U_{q}(A_{1}^{(1)})$-crystals
$R$ 3 .
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W , Lie $\mathfrak{g}_{n}=A_{2}^{(1)}$
,
$\bullet$ , 1 $U_{q}(A_{1}^{(1)})$-crystals
$R$ .
$\bullet$ , 2 , $U_{q}(A_{1}^{(1)})$-crystals
$R$ 1 .
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